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ABSTRACT 

The complete solution of the vacuum Kerr-Schild equations in general relativity is 
presented, including the space-times with a curved background metric. The correspond- 
ing result for a flat background has been obtained by Kerr. 

The Kerr-Schild pencils 1 of metrics 



have been in the forefront of research in general relativity for some time. A classic 
example of these space-times is the Kerr metric. All the Kerr-Schild vacuum space- 
times with a flat parent metric g a b are given by beautiful geometrical relations 2 . The 
solution of the flat problem (known as Kerr's theorem) reveals a close relationship with 
complex surfaces in three-dimensional homogeneous spaces. Kerr-Schild congruences in 
Minkowski space-time have extensively been studied 3-6 . Work on Kerr-Schild space- 
times in the generic case when g a b has a nonvanishing curvature, I is a null vector and V 
a function, has certainly been motivated by the prospects of extending Kerr's complex 
analytic description to curved space-times 7-10 . 

In this Letter we present the complete solution of the vacuum Kerr-Schild problem. 
The Kerr-Schild equations follow from (1) and the vacuum Einstein equations. They are: 



9ab = 9ab + VlJ b 



(1) 



Dl, 



a 



o, 



(2) 



V & [V a (Vl c l b ) + V c (Vl a l b ) - V b (VIJ C )] = 
DDV + (V a l a )DV + 2V{V b l d )V [b l d] = 0. 



(3) 



(4) 
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Here V is the covariant derivative annihilating g a (,. The vector 



D = l a V a = d/dr (5) 

is tangent to a null geodesic congruence 8 , with r the affine parameter. 

We rewrite these equations in a Newman-Penrose (NP) notation 12 , choosing / a 
vector of the null tetrad. The geodesic condition (2) becomes k = 0. We adopt the gauge 
with e = , 7r = a + /3, and integrate a closed subset of the 'radial' field equations 12 
for the affine parameter dependence: 

1 /, sin?? . . 

p=--(l + cos V C) , °=-zJ (6) 

*° = —&r ■ ( 7 ) 



Here C is a complex phase factor 



r COS Tj — j TD 

C = % . (8) 

B and rj are real integration functions. A further integration function has been eliminated 
by suitably fixing the origin of the affine parameter. The real potential can be written 

as 

r cos J] 

V = ^ r2coS7? + i?2 • (9) 
The complex tetrad vector m has the r dependence 

J_ / J_ \ T - cos rj — sin rj — 1 - cos ?7 + sin ?7 — 1 ~| 

m = ^\}-c) \ lQ{r — 3 — _ Qir — 5 — ] 3 = lj 2 ' 3 (10) 

where Vo, and Q 2 are real integration functions. With this choice, the tetrad has been 
uniquely fixed. 

The real function B controls the amount of divergence and rotation of the null 
congruence with tangent /, respectively. B gives rise to the imaginary part of the spin 
coefficient p. When B = 0, we have C = 1, and the congruence is curl-free. Similarly, for 
large values of the affine parameter r, the phase factor C approaches the unit value, and 
the rotation dies out. The parameter r\ governs the shear. For r\ = or rj = 180°, the 
congruence is shear-free. When both B = and rj = 0, the rays are exactly spherical: 



p = — 1/r. For rj = 90°, the rays become cylindrical, p = — l/2r. At n = 180°, there is no 
expansion. Our Theorem below shows that the general shearing class does not contain 
the shear-free case as a smooth limit. 



The field equations in the NP form may be grouped in three sets. The first set of 
equations is a coupled system of linear inhomogeneous equations for the affine parameter 
dependence of the quantities r, n, a, 0, \&i and for their complex conjugates: 

Dr = p(r + n) + a(f + n) + $> 1 (11a) 

THE Dn = 2pn + 2an + *i (116) 

*i Da = p(n + a) + a(n - a) (11c) 

EQS. Df3 = p0 + a(2n - 0) + ^ (lid) 

D^i = 4p^i + (5 + 7T - 4a)^ - (He) 

The \&i equations are complemented by two equations, linear in the unknown functions: 

6 f^o \ + ^£j/ n( ^ _ 2a5ln(j) - *i = ^(r - a - 0) - 2a(f -a- 0)+fa-rp (12) 
V 2a / a 2a 

dp -da = pn + a(n - 4a) + (p - p)r - . (13) 

where (p = VV. 

Theorem: For a generalized vacuum-vacuum Kerr-Schild pencil, either of the fol- 
lowing conditions holds: The parameter rj assumes one of the special values given 
by 

smn = 0, ±1, ±2-3 . (14) 

or, alternatively, the spin coefficient quantities p, a and depend only on the 
affine parameter r. 

The theorem can be proven 11 by taking the D derivative of Eq. (12), and elimi- 
nating the unknown spin coefficients by use of the NP commutators, Eq. (13) and the 
equations of the \&i system. This yields that ^77 = and, unless r\ takes any of the ex- 
ceptional values, the integration functions are restricted by SVo = 5B = 0. In the generic 
case, p — p^0, the commutator equations imply also Acf> = for any real function with 
D(p = 5(p = 0, Hence the integration functions B,r\ and V are constants. The curl-free 
fields, B = 0, will be discussed in Ref. 11. 



It follows that the Kerr solution with rj = will not emerge as a smooth limiting 
case of the shearing Kerr-Schild metrics. 



For fields of arbitrary deformation parameter, a and may be expressed alge- 
braically in terms of 7r, r and their complex conjugates, by the respective Eqs. (12) and 
(13). The system becomes a quartet of coupled equations for the spin coefficients r, n 
and their complex conjugates: 

Dr = (2p - |° ) r + a(2f - n) + (p + %n 

\ a T 2(7 (15) 

Dtt = (2p + ^)tt + ar + (p - 

along with the complex conjugate equations. The fundamental solution of the set is 
given in Table 1. The general solution is a linear combination of the four fundamental 
solution vectors with real coefficients. 

The radial component of the vector n may be obtained by applying the commutator 
[5, 5] on r. Hence the operator A, when acting on any of the functions depending only 
on r, takes the form A = —^^D. The second set of field equations consists of the NP 
Eqs. (4.21,p,q), as well as the fifth of NP (4.5) and of the Kerr-Schild equation 

I l±l + p + p^Yfi- p) + + p- p)(fi + p.) + ^ 2 + ^2- (P + P)(l + l) 

.2 p — p\r /J 2 \ a / 

=S(f — 7r) + S(t — tv) — 6tvtv + 2-kol + 2ixa — 2rf — 2ra — 2fd + 3ttv + 3ttt . (16) 

We obtain a lengthy relation from these, containing only functions the r-dependence of 
which is explicitly known. Collecting the coefficients of independent powers of r, one 
finds that nothing but the trivial solution of the system satisfies this equation: 

a = (3 = t = tt = * 1= . (17) 

Thus the second system of equations is homogeneous and linear in p, A, 7 and ^2- The 
determinant vanishes, and we get 

7 = A = = p 

p + l/2r a p ' 

The remaining field equations constitute the third set. They further restrict the metric, 
leaving us with a three-parameter pencil for which the image of the Kerr-Schild map is 
the Kota-Perjes 13 metric (44): 

„cos 2-q 1 d2 „cos 77 

ds > = _! ±-^(dr 2 + r^'^dx 2 + r 1+sinri dy 2 ) + A -(I a &f . (19) 

r cos r/ r cos 2-q 1 J^2 v a > v ' 



Here / = d/dr is tangent to the Kerr-Schild congruence and A is the pencil parameter. 



To complete our investigation of vacuum Kerr-Schild space-times, we consider now 
in turn the metrics with either of the values (14). 

(a) When sinry = 0, both a and \l/o vanish, and / is a principal null vector of the 
curvature. By the Goldberg-Sachs theorem 12 , these parent space-times are algebraically 
special, and = 0. It then follows from Thompson's Theorem 3.2 that also the ensuing 
space-time is algebraically special, with the Kerr-Schild congruence being a principal null 
congruence 8 . All the vacuum Kerr-Schild spacetimes generated from the flat space-time 
are in this class. 

(b) The case with cos rj = maps Minkowski space-time to itself. 

(c) Case sinry = l/y/2 = k contains the following Kota-Perjes metrics: 

ds 2 = -^ r (r 1 ~ k dx 2 + r 1+k dy 2 ) + 2dr(l a dx a ) + f{l a dx a ) 2 (20) . 

Metric (53) of Ref. 8 is given by 

f- AR i^Tji}' f=Mx + By) (21) 
with B a real constant. For metric (66), B = x/y and 

/' ^V ' /° = A(, + *)/»». (22) 
Notice that we have enlisted above all the metrics in Ref. 8. 

We thus find that all Kota-Perjes metrics are explicit cases of Kerr-Schild space- 
times, either with a real deformation parameter or with r\ = l/y/2. 

In summary, the structure of our solution is as follows. The Kerr-Schild space- 
times are characterized by the real deformation parameter rj. The deformation parameter 
vanishes for Kerr-Schild space-times the parent of which is Minkowski space-time. By 
our theorem, the field quantities are severely restricted unless the parameter r\ assumes 
either of the exceptional values 0, ±1, ±y/2/2. The metrics with arbitrary values of the 
deformation parameter are Kota-Perjes metrics. For the exceptional values of rj, (a) 

5 



the class with rj = is algebraically special, (b) the values sin 77 = ±1 can occur only 
in automorphisms of the Minkowski space-time, and (c) the class with sin?] = ±l/\/2 
contains the remaining Kota-Perjes metrics. While the Kerr-Schild congruences in a 
Minkowski space-time form a four-parameter family 2 , there is no corresponding structure 
on a curved background. Our results have the important implication that hopes are 
dashed for a complex-analytic description of space-time within the framework of Kerr- 
Schild theory. 
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C + l f c _ 3 cosr] c _ 2 sm V c _ x 



^ cosv+ s inv+1 v s in?7 + l~ sin 77 + 1 



5sin 2 ri — 4 sin 77 + 3 3 sin?? — 1 2 sinr? + 3 „ sinr? <> x 

H ttt — + — — -— - C + 2 -C 2 

cos?y(sm?7 — 3) sin 77 + ! sin?? — 3 cost] 



i C+1 +1 (C-Z + COSV C~ 2 - Sinv C-i 
r cos "T" + V sin 77 -1 sin?7-l 

5cos 2 n — 4 sin 77 — 8 6cos 2 rj + 7 sin?] — 3^ ^ sin 77 ^-,2 N 

cos 77 (sin 77 + 3) cos 2 ?] — 2 sin 77 + 2 cos?] / 



r — v 2 V cos?? sin 77 — 1 cost?/ 



r °""- f +A Lj+ ) \ U ~sm V + l "sinry + l cost?, 



r 



C + l /smn^_ 3 sin?? sin 2 r] + 8 sin?? + 3 sin?] — 1 x 

cosv+s ^ v+1 { CQSrj - sinr] + 1 cos?y(sin?7-3) sin 77 + 1 

o Sin ^ + 2sin? ? -3 c + 2c2 



sin 77 + 1 cos 77 



C + l ^ sin 77 3 sin?? 2 sin rjcos 2 r] — 7cos 2 n + 4 sin?] + 4 

+ — ~C — 7— — : ~ ^ — : kj 



cos 77 ■ 


— sin 77-f- 1 


r 


2 


C 


- 1 


cos 77- 


-f-sin 774-3 


r 


2 


C 


- 1 


cos 77 ■ 


-sin 77 + 3 



cos 77(2 sin 77 — 2 — cos 2 r]) 

+ 3 Sln?? + 2sin?? + 3 C-2C 2 ) 
sin 77 — 1 cos 77 / 



(c + 1) 2 (-^Lc-z + sinv c- 2 - 2sin?? + 1 c- 1 - 2) 

V cos 77 sin 77 — 1 cos 77 / 

+ /_ sin77 c _ 3 _ sin 77 _ 2^7?-!^ + x 

V cos 77 sin 77 + 1 cos 77 / 



Table 1. The four solutions for tt and r 
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